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Objective

• A selection of optimisation technicques will be examined so as to 
familiarise users of the energy system model with the 
mathematical optimisation methods are used in model

• The understanding of optimization techniques and solver 
properties aims to equip model users with the basic knowledge to 
perform corrective actions when necessary and understand 
potential sources of non-convergence

• Introduce the key production/utility/allocation functions that are 
used in the model and discuss their properties 



What is optimization?

➢ Find the best solution to a problem. “Best” is 
measured against a single or a set of indicators. 
Usually the solution corresponds to making a 
choice under a number of constraints.

➢ “Optimization is the act of achieving the best 
possible result under given circumstances. In design, 
construction, maintenance, ..., engineers have to 
take decisions. The goal of all such decisions is either 
to minimize effort or to maximize benefit”, Astolfi
2006

https://en.wikipedia.org/wiki/File:Nelder-Mead_Simionescu.gif


What is an optimum choice?

If the performance indicator is set on purchasing cost

Purchasing 
Cost

Operating 
Cost

Appearance
/ Looks

Size of rear 
storage

Car 1 +++ ++ + +

Car 2 + +++ +++ +

Car 3 ++ ++ ++ +++



What is an optimum choice?

Then the optimum choice is: Car 1

Purchasing 
Cost

Operating 
Cost

Appearance
/ Looks

Size of rear 
storage

Car 1 +++ ++ + +

Car 2 + +++ +++ +

Car 3 ++ ++ ++ +++



What is an optimum choice?

If the performance indicator is set on Looks?

Purchasing 
Cost

Operating 
Cost

Appearance
/ Looks

Size of rear 
storage

Car 1 +++ ++ + +

Car 2 + +++ +++ +

Car 3 ++ ++ ++ +++



What is an optimum choice?

Then the optimum choice is: Car 2

Purchasing 
Cost

Operating 
Cost

Appearance
/ Looks

Size of rear 
storage

Car 1 +++ ++ + +

Car 2 + +++ +++ +

Car 3 ++ ++ ++ +++



What is an optimum choice?

What if all indicators affect choice?

Purchasing 
Cost

Operating 
Cost

Appearance
/ Looks

Size of rear 
storage

Car 1 +++ ++ + +

Car 2 + +++ +++ +

Car 3 ++ ++ ++ +++



What is an optimum choice?

Will their weight on choices be equal?  Then car 3 is the consistent 
choice.

Purchasing 
Cost

Operating 
Cost

Appearance
/ Looks

Size of rear 
storage

Car 1 +++ ++ + +

Car 2 + +++ +++ +

Car 3 ++ ++ ++ +++



What is an optimum choice?

If the weights are put more on the operating costs and appearance 
then Car 2 would be an optimal choice.

Purchasing 
Cost

Operating 
Cost

Appearance
/ Looks

Size of rear 
storage

Car 1 +++ ++ + +

Car 2 + +++ +++ +

Car 3 ++ ++ ++ +++



Types of models (part I)

• Operational Models

“This modeling approach operates directly with the real environment in which the decision under study is 
going to take place. The modeling effort merely involves designing a set of experiments to be conducted in 
that environment, and measuring and interpreting the results of those experiments. Suppose, for instance, 
that we would like to determine what mix of several crude oils should be blended in a given oil refinery to 
satisfy, in the most effective way, the market requirements for final products to be delivered from that 
refinery. If we were to conduct an operational exercise to support that decision, we would try different 
quantities of several combinations of crude oil types directly in the actual  refinery process, and observe the 
resulting revenues and costs associated with each alternative mix”

• Gaming 

“In this case, a model is constructed that is an abstract and simplified representation of the real environment. 
This model provides a responsive mechanism to evaluate the effectiveness of proposed alternatives, which the 
decision-maker must supply in an organized and sequential fashion. The model is simply a device that allows 
the decision-maker to test the performance of the various alternatives that seem worthwhile to pursue. In 
addition, in a gaming situation, all the human interactions that affect the decision environment are allowed to 
participate actively by providing the inputs they usually are responsible for in the actual realization of their 
activities. If a gaming approach is used in our previous example, the refinery process would be represented by 
a computer or mathematical model, which could assume any kind of structure”.



Types of models (Part II)

• Simulation Models

“Simulation models are similar to gaming models except that all human decision-makers are removed from the modeling process. 
The model provides the means to evaluate the performance of a number of alternatives, supplied externally to the model by the
decision-maker, without allowing for human interactions at intermediate stages of the model computation. Like operational 
exercises and gaming, simulation models neither generate alternatives nor produce an optimum answer to the decision under study.
These types of models are inductive and empirical in nature; they are useful only to assess the performance of alternatives identified 
previously by the decision-maker. If we were to conduct a simulation model in our refinery example, we would program in advance a 
large number of combinations of quantities and types of crude oil to be used, and we would obtain the net revenues associated with 
each alternative without any external inputs of the decision-makers. Once the model results were produced, new runs could be 
conducted until we felt that we had reached a proper understanding of the problem on hand”. 

• Analytical Models

“In this type of model, the problem is represented completely in mathematical terms, normally by means of a criterion or objective, 
which we seek to maximize or minimize, subject to a set of mathematical constraints that portray the conditions under which the 
decisions have to be made. The model computes an optimal solution, that is, one that satisfies all the constraints and gives the best 
possible value of the objective function. In the refinery example, the use of an analytical model implies setting up as an objective the 
maximization of the net revenues obtained from the refinery operation as a function of the types and quantities of the crude oil
used. In addition, the technology of the refinery process, the final product requirements, and the crude oil availabilities must be 
represented in mathematical terms to define the constraints of our problem. The solution to the model will be the exact amount of 
each available crude-oil type to be processed that will maximize the net revenues within the proposed constraint set. Linear 
programming has been, in the last two decades, the indisputable analytical model to use for this kind of problem”.



Some Questions

• How to model non quantifiable elements (i.e. preferences )

• Is the optimum solution a realistic solution? 

• How optimized behavior relates to observed behavior?
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What is linear programming

• Find the minimum or maximum point of a linear function given a 
set of linear constraints



Structure of a Linear Programming model

• The objective function: This function defines what we need to optimize. 
It can be profits (maximization), production costs (minimization), time / 
effort (minimization) 

• Decision variables : The objective function is affected by a number of 
variables / options on which we need to take a decision. The selection of 
the correct mix of these options will lead to the optimum value of the 
objective function. For example what is the optimum mix of Renewable 
Energy Sources and Energy Efficiency in order to attain a specific GHG 
emission reduction target.

• The constraints: These are the limitations on the use of the decision 
variables, e.g. RES potential, maximum technical potential for energy 
savings. The limitations are expressed as linear equalities or inequalities. 
.



Linear Programming

• Objective function is linear

• Linear constraints

max 𝐹(𝑥1, 𝑥2, ⋯ , 𝑥𝑛 ) = 𝑝1𝑥1 + 𝑝2𝑥2 +⋯+ 𝑝𝑛𝑥𝑛

𝑎1,𝑗 𝑥1 + 𝑎2,𝑗 𝑥2+⋯+ 𝑎𝑛,𝑗 𝑥𝑛≤ 𝑏𝑗 𝑗 = 1,2,⋯ , 𝑘

𝑥𝑖 ≥ 0 𝑖 = 1,2,⋯ , 𝑛

• n variables

• k constraints



Typical Form

• Maximization

max 𝐹(𝑥1, 𝑥2, ⋯ , 𝑥𝑛 ) =

𝑖=1

𝑛

𝑝𝑖𝑥𝑖 

𝑖=1

𝑛

𝑎𝑖,𝑗 𝑥𝑖 ≤ 𝑏𝑗

• Minimization

m𝑖𝑛 𝐹(𝑥1, 𝑥2, ⋯ , 𝑥𝑛 ) =

𝑖=1

𝑛

𝑝𝑖𝑥𝑖 

𝑖=1

𝑛

𝑎𝑖,𝑗 𝑥𝑖 ≥ 𝑏𝑗

s.t.

s.t.



History

“In 1939 a linear programming formulation of a problem that is equivalent 
to the general linear programming problem was given by the Soviet 
economist Leonid Kantorovich, who also proposed a method for solving it. It 
is a way he developed, during World War II, to plan expenditures and 
returns in order to reduce costs of the army and to increase losses imposed 
on the enemy. Kantorovich's work was initially neglected in the USSR. About 
the same time as Kantorovich, the Dutch-American economist T. C. 
Koopmans formulated classical economic problems as linear programs. 
Kantorovich and Koopmans later shared the 1975 Nobel prize in economics. 
In 1941, Frank Lauren Hitchcock also formulated transportation problems as 
linear programs and gave a solution very similar to the later simplex 
method. Hitchcock had died in 1957 and the Nobel prize is not awarded 
posthumously”



Applications of linear programming – Examples taken from 
GAMS model library

Domain of Application Title Short description
Electricity Turkey Power Planning 

Model 

This is an investment planning model for the Turkish power sector to determine the least 

cost expansion pattern.

Transport Aircraft allocation under 

uncertain demand  

The objective of this model is to allocate aircrafts to routes to maximize the expected 

profit when traffic demand is uncertain.
Paper manufacturing 

Industry

Ajax Paper Company 

Production Schedule

A paper manufacturer can produce four different types of paper on three different 

machines. Given a fixed demand schedule the objective is to find a production plan that 

max

imizes monthly profits.
Agriculture Organic Fertilizer Use in 

Intensive Farming 

Models the use of organic and chemical fertilizers for triple-cropping in the southern 

Jiangsu province.  Detailed attention is paid to removal and replenishment of plant 

nutrients and humus.
Transport Transportation problem This problem finds a least cost shipping schedule that meets requirements at markets 

and supplies at factories where demand exceeds supply using the feature FeasOpt

implemented by Cplex and Gurobi.
Finance Optimal Investment The following two-stage problem consists of determining the optimal capacity 

investment in various types of power plants so as to meet next period demands for 

electricity. Four power plants are considered and they can operate in three different 

modes. T

he next period demand for each of the three modes are to be met. There is a budget 

constraint and also a constraint on the minimum total capacity.
Energy Mini Oil Refinery Model This model describes the scheduling problem of a small owner operated refinery.
Energy Investment Planning in the 

Oil Shale Industry

This model analyses the syncrude potential of the Piceance basin in northwest Colorado.  

The basin contains roughly 600 billion barrels of recoverable oil in the form of shale oil.  



Methods to solve an LP problem

• There is no analytical way to solve a linear model so we resort to 
iterative methods

• Is it possible that the LP has no solution?
• Yes if constraints are inconsistent
• Yes if there is no bound in objective function

• Is it possible that the LP has more than one solution?
• If the coefficients of the decision variables are linearly independent then the 

system has a unique solution
• If the coefficients of the decision variables are linearly dependent and the 

constant column is not linearly dependent  on the coefficient m-1 the system has 
no solution. It is inconsistent 

• If the coefficients of the decision variables are linearly dependent and the 
constant column is linearly dependent  on the coefficient m-1 then the system may 
have infinite solutions



Example of an LP

• Charging a Blast Furnace∗ An iron foundry has a firm order to 
produce 1000 pounds of castings containing at least 0.45 percent 
manganese and between 3.25 percent and 5.50 percent silicon. As 
these particular castings are a special order, there are no suitable 
castings on hand. The castings sell for $0.45 per pound. The 
foundry has three types of pig iron available in essentially unlimited 
amounts, with the following properties:

• …



Example of an LP



Example of an LP



Example of an LP



Example of an LP



Example of an LP



The relation between Primal and Dual

• Cuation the primal vs dual LP problems is not analogues to 
maximization versus minimisation



Simplex Method

• The simplex method  conceptually solves a linear programming 
model in two stages
• First it gives a procedure to start with any set of values and then and by 

iteration finds a feasible solution

• Second provides a procedure to start with any set of feasible solution and 
then by iteration finding an optimum solution



Basic description of the SIMPLEX method and key features of the 
method

• Basis shifting

• Basic solution

• Linear Dependence

• Newthon – Raphson technique
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Non Linear Programming

• Objective function is a non linear function

• Non linear constraints

max 𝐹(𝑥𝑖)

𝑔𝑗 𝑥𝑖 ≤ 𝑏𝑗 𝑗 = 1,2,⋯ , 𝑘

𝑖 = 1,2,⋯ , 𝑛

𝑥𝑖 ≥ 0

• n variables

• k constraints



Typical Form

• Maximization

• Minimization

s.t.max 𝐹(𝑥𝑖)
𝑔𝑗 𝑥𝑖 ≤ 𝑏𝑗

𝑥𝑖 ≥ 0 𝑖 = 1,2,⋯ , 𝑛

𝑗 = 1,2,⋯ , 𝑘

s.t.min 𝐹(𝑥𝑖)
𝑔𝑗 𝑥𝑖 ≥ 𝑏𝑗

𝑥𝑖 ≥ 0 𝑖 = 1,2,⋯ , 𝑛

𝑗 = 1,2,⋯ , 𝑘



Convert an NLP to an LP problem

• Linearisation techniques:
• Analytical

• Numerical



Example of an NLP problem



Solution Algorithms

• Newton - Raphson
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Definition of Mixed Complementarity Problem

39

given a function 𝐹:𝑅𝑛 → 𝑅𝑛   and the bounds 𝑙,𝑢,∈ 𝑅𝑛  find 𝑧,𝑤, 𝑣 ∈  𝑅𝑛  that satisfy the 

following conditions (where z,u are free variables): 

𝐹 𝑧 = 𝑤 − 𝑣 

𝑙 ≤ 𝑧 ≤ 𝑢 

𝑤 ≥ 0 

𝑣 ≥ 0 

 𝑧 − 𝑙 𝑇 ∙ 𝑤 = 0 

 𝑢 − 𝑧 𝑇 ∙ 𝑣 = 0 

Mixed: mixture of equalities and inequalities
Complementarity: Complementarity between system variables and system 
conditions



Complementarity

• In a non-linear with inequality constraints maximization 
problem with n variables and k constraints:

s.t.max 𝐹(𝑥𝑖)
𝑔𝑗 𝑥𝑖 ≤ 𝑏𝑗

𝑥𝑖 ≥ 0 𝑖 = 1,2,⋯ , 𝑛

𝑗 = 1,2,⋯ , 𝑘

• the Lagrangian function is:

𝐿 = 𝐹 𝑥𝑖 +

𝑗=1

𝑘

𝜆𝑗 ∙ −𝑔𝑗 𝑥𝑖 + 𝑏𝑗

• the Karush – Kuhn – Tucker conditions are:
𝑑𝐿

𝑑𝑥𝑖
≤ 0 𝑥𝑖 ≥ 0 𝑥𝑖 ∙

𝑑𝐿

𝑑𝑥𝑖
= 0

𝑑𝐿

𝑑𝜆𝑗
≥ 0 𝜆𝑗 ≥ 0 𝜆𝑗 ∙

𝑑𝐿

𝑑𝜆𝑗
= 0



Complementarity

• Complementarity slackness: the optimal solution for 
each xi requires that EITHER the marginal condition 
holds as an equality OR the choice variable is zero OR
both (the same holds for λj – the shadow price or 
opportunity cost) 

• the Karush – Kuhn – Tucker conditions are:
𝑑𝐿

𝑑𝑥𝑖
≤ 0 𝑥𝑖 ≥ 0 𝑥𝑖 ∙

𝑑𝐿

𝑑𝑥𝑖
= 0

𝑑𝐿

𝑑𝜆𝑗
≥ 0 𝜆𝑗 ≥ 0 𝜆𝑗 ∙

𝑑𝐿

𝑑𝜆𝑗
= 0



Kuhn - Tucker

42

A
B C

D

F’(z) = 0  , z>0 F’(z) = 0  , z=0 F’(z) < 0  , z=0

Max π=F(z) 
s.t. z≥0

F’(z)≤0,   z≥0 

and z * F’(z) = 0  
(at least one must take a zero value – complimentary slackness between z and 

F’(z)  



In a non-linear with inequality constraints maximisation problem with n variables (j=1....n) 

and m constraints (i=1.....m). 

max 𝐹 𝑧𝑗   

𝑔𝑖 𝑧𝑗  ≤ 𝑟𝑖  

s.t. 

𝑧𝑗 ≥ 0 

the Langrangian function is: 

𝐿 =  𝑓 𝑧𝑗  + 𝜆𝑖  𝑟𝑖 − 𝑔𝑖 𝑧𝑗   

𝑛

𝑖=1

 

the Kuhn Tucker conditions are: 

𝜕𝐿

𝜕𝑧𝑗
≤ 0 

𝑧𝑗 ≥ 0 

 
𝑧𝑗 ∙

𝜕𝐿

𝜕𝑧𝑗
= 0 

𝜕𝐿

𝜕𝜆𝑖
≥ 0 

𝜆𝑖 ≥ 0 
 

𝜆𝑖 ∙
𝜕𝐿

𝜕𝜆𝑖
= 0 

for  minimization the Kuhn Tucker conditions are: 

𝜕𝐿

𝜕𝑧𝑗
≥ 0 

𝑧𝑗 ≥ 0 

 
𝑧𝑗 ∙

𝜕𝐿

𝜕𝑧𝑗
= 0 

𝜕𝐿

𝜕𝜆𝑖
≤ 0 

𝜆𝑖 ≥ 0 
 

𝜆𝑖 ∙
𝜕𝐿

𝜕𝜆𝑖
= 0 

 
Complementary slackness:  the optimal solution  for each 𝑧𝑗  requires that either the 

marginal condition holds as an equality or the choice variable is zero or both (the same holds 

for 𝜆𝑖  - the shadow price or opportunity cost). 
43



Energy sector linear programming model 

The energy sector problem is to find the least cost mix of power producing technologies for 

meeting an exogenous set of energy demands. 

min 𝑐𝑡  ∙ 𝑦𝑡
𝑡

 

s.t.      𝑎𝑗 ,𝑡  ∙ 𝑦𝑡 = 𝑑𝑗 𝑡  ,  𝑏𝑘 ,𝑡  ∙ 𝑦𝑡 ≤ 𝑘𝑘𝑡 ,𝑦𝑡 ≥ 0 

Where t are power producing technologies, 𝑦𝑡  is the activity level of technology t, 𝑎𝑗 ,𝑡  is the 

input of energy good j to technology t, d is the demand for energy goods, 𝑐𝑡  is the marginal cost 

of technology t, 𝑏𝑘 ,𝑡  is the unit demand for the energy resource k by technology t, and  𝑘𝑘  is the 

aggregate supply of energy resource. 

The MCP formulation of the above mentioned problem (Kuhn –Tucker conditions) is : 

 𝑎𝑗 ,𝑡  ∙ 𝑦𝑡 = 𝑑𝑗 

𝑡

, 𝜆𝑗 ≥ 0,   𝜆𝑗 ∙   𝑎𝑗 ,𝑡  ∙ 𝑦𝑡 = 𝑑𝑗 

𝑡

 = 0  

 𝑏𝑘 ,𝑡  ∙ 𝑦𝑡 ≤ 𝑘𝑘  , 𝜆𝜆𝑘 ≥ 0, 𝜆𝜆𝑘 ∙   𝑏𝑘 ,𝑡  ∙ 𝑦𝑡 ≤ 𝑘𝑘
𝑡

 = 0

𝑡

 

Where 𝜆𝑗  is the Langange multiplier on the price-demand balance for energy good j and 𝜆𝜆𝑘  is 

the shadow price on the energy sector resource k.  From the weak duality theorem: 

 𝑐𝑡  ∙ 𝑦𝑡
𝑡

=  𝜆𝑗  ∙ 𝑑𝑗 

𝑗

− 𝜆𝜆𝑘  ∙ 𝑘𝑘
𝑘

 44



MCP pitfalls

45

0 =e= F(x)                            (1)

different than 

F(x) =e= 0                                (2)

(1) Passes to the solver the –F(x) function



Introduction to functional 
forms

46



Constant Elasticity of Substitution

• The constant elasticity of substitution (Solow (1956)) is a
production function widely used in CGE models.

𝑄 = 𝑡𝑓𝑝 ∙ 𝑡ℎ𝑒𝑡𝑎 ∙ 𝐾𝜌 + (1 − 𝑡ℎ𝑒𝑡𝑎) ∙ 𝐿𝜌
1
𝜌

Q: Production level
tfp: Total factor Productivity
theta: Share parameter
K,L: Level of primary production factors
ρ = 

𝜎−1

𝜎
, σ: Elasticity of substitution

• Cobb-Douglas and Leontief are special cases of the CES
production function
• When ρ goes to zero then the CES has a unitary elasticity of substitution –

Cobb Douglas
• When ρ goes to zero then the CES has a zero elasticity of substitution –

Leontief

47



The calibrated share CES

• The calibrated share form is easier to calibrate

𝑄 = ത𝑄 ∙ 𝑡ℎ𝑒𝑡𝑎 ∙
𝐾

ഥ𝐾

𝜌

+ (1 − 𝑡ℎ𝑒𝑡𝑎) ∙
𝐿

ത𝐿

𝜌
1
𝜌

ത𝑄, ഥ𝐾, ത𝐿: Base year values of Production, Capital and Labour

• Unit cost function

𝑐 = ҧ𝑐 ∙ 𝑡ℎ𝑒𝑡𝑎 ∙
𝑃𝐾

𝑃𝐾

1−𝜎

+ (1 − 𝑡ℎ𝑒𝑡𝑎) ∙
𝑃𝐿

𝑃𝐿

1−𝜎
1
𝜎

ҧ𝑐 = 𝑃𝐾 ∙ ഥ𝐾 + 𝑃𝐿 ∙ ത𝐿

• Derived demand for capital and labour

𝐾 = ഥ𝐾 ∙
𝑄

ത𝑄
∙

𝑃𝐾∙c

ҧ𝑐∙PK

𝜎

, 𝐿 = ത𝐿 ∙
𝑄

ത𝑄
∙

𝑃𝐿∙c

ҧ𝑐∙PL

𝜎

48



Calibration

• Only two parameters to calibrate in calibrated 
share form CES:

1. σ is derived from literature or guess estimated 

2. 𝑡ℎ𝑒𝑡𝑎 =
𝑃𝐾∙𝐾

𝑃𝐾∙𝐾+𝑃𝐿∙𝐿

49



Linear Expenditure system

• The Stone-Geary utility function is essentially a Cobb-Douglas function that includes
minimum consumption.

• Derived demand

𝛽Η: 𝐶𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑠ℎ𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝛽L: 𝐿𝑒𝑖𝑠𝑢𝑟𝑒 𝑚𝑎𝑟𝑔𝑖𝑛𝑎𝑙 𝑠ℎ𝑎𝑟𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟

CV, LJV: Consumption and Leisure levels

CH,CL: Subsistence minima consumption and leisure levels
𝑃𝑐𝑣, 𝑃𝑙𝑗𝑣: 𝐶𝑜𝑛𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑙𝑒𝑖𝑠𝑢𝑟𝑒 𝑝𝑟𝑖𝑐𝑒

I:Income
50

𝐶𝑉∗ = 𝐶𝐻 +
𝛽𝐻

𝑃𝑐𝑣
∙ 𝐼 − 𝑃𝑐𝑣 ∙ 𝐶𝐻 − 𝑃𝑙𝑗𝑣 ∙ 𝐶𝐿

𝐿𝐽𝑉∗ = 𝐶𝐿 +
𝛽𝐿

𝑃𝑙𝑗𝑣
∙ 𝐼 − 𝑃𝑐𝑣 ∙ 𝐶𝐻 − 𝑃𝑙𝑗𝑣 ∙ 𝐶𝐿



Calibration of LES (part I)

• From the national accounts the Value of Household Consumption (VHC)
for each product i is known.

• Using the Harberger convention 𝑃i
cv = 1, CVi =

VHCi

𝑃i
cv

• The average budget shares can be computed

𝐴𝐵𝑆𝑖 =
𝑃i
cv ∙ CVi

σj𝑃j
cv ∙ CVj

• To compute the marginal budget shares the income elasticity is required 

• 휀𝑚 =
dCV

CV
dI

I

=
dCV

dI
∙

𝐼

CVi
=

𝛽𝛨

𝑃𝑖
𝑐𝑣 ∙

𝐼

CVi
= 𝛽𝛨 ∙

𝐼

𝑃𝑖
𝑐𝑣∙CVi

= 𝛽𝛨 ∙ 𝐴𝐵𝑆𝑖
−1

hence 𝛽𝛨 = 휀𝑚 ∙ 𝐴𝐵𝑆𝑖
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Calibration of LES (part II)

• Engel aggregation implies that weighted (with marginal budget
shares as weights) sum of the income elasticities equals 1.

• To compute the subsistence minimum levels the income elasticity is
replaced in the utility function:

휀𝑚 = 𝐶𝐻𝑖 ∙ 𝛷
−1 ∙ 𝛽𝑖 ∙ Ι ∙ 𝑃𝑖

−1

where 

𝛷 = −
𝛪

σj 𝑃𝑗∙CΗj
is the Frisch parameter
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Utility function

The utility function (CES) of each household is:

𝑈𝑐 = 

𝑖=1

2

𝑎𝑖
𝑐

1
𝑠𝑐𝑐 ∙ 𝑋𝑖

𝑐
𝑠𝑐𝑐−1
𝑠𝑐𝑐

𝑠𝑐𝑐
𝑠𝑐𝑐−1

where:

𝑈𝑐 is the utility of 𝑐𝑡ℎ consumer

𝑋𝑖
𝑐 is the quantity of good 𝑖 demanded by the 𝑐𝑡ℎ consumer

𝑎𝑖
𝑐 are share parameters

𝑠𝑐𝑐 is the substitution elasticity between goods.

Different functional forms can been used:
1. Cobb Douglas (special case of CES when sc → 1)
2. Linear expenditure system (LES). 
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Production function

The production function of each industry is given by: 

𝑄𝑖 = 𝑡𝑓𝑝i 𝛿𝑖 𝐿𝑖

𝑠𝑖−1
𝑠𝑖 + (1 − 𝛿𝑖) 𝐾𝑖

𝑠𝑖−1
𝑠𝑖

𝑠𝑖
𝑠𝑖−1

where:

𝑄𝑖 is the production level

𝑡𝑓𝑝𝑖 is a scale parameter (total factor productivity).

𝛿𝑖 is a share parameter 

𝑠𝑖 is the substitution elasticity between production factors.

Different functional forms can been used:
1. Cobb Douglas (special case of CES when s→ 1) 
2. Leontief (special case of CES when s→ 0)
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Household optimization

𝐌𝐚𝐱: 𝑈𝑐 = 

𝑖=1

2

𝑎𝑖
𝑐

1
𝑠𝑐𝑐 ∙ 𝑋𝑖

𝑐
𝑠𝑐𝑐−1
𝑠𝑐𝑐

𝑠𝑐𝑐
𝑠𝑐𝑐−1

s.t.  𝑃1𝑋1
𝑐 + 𝑃2𝑋2

𝑐 ≤ 𝑀𝑐 = 𝑃𝐿𝐸𝐿
𝑐 + 𝑃𝐾𝐸𝐾

𝑐

where 𝑃1,𝑃2 are the consumer prices for the two output commodities.

Commodities demand functions:

𝑋𝑖
𝑐 =

𝑎𝑖
𝑐 𝑀𝑐

𝑃𝑖
𝑠𝑐𝑐 𝑎1

𝑐𝑃1
1−𝑠𝑐𝑐 + 𝑎2

𝑐𝑃2
1−𝑠𝑐𝑐
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Producer cost minimization problem

𝐌𝐢𝐧: 𝐶𝑜𝑠𝑡𝑖 = 𝑃𝐾𝐾𝑖 + 𝑃𝐿𝐿𝑖

s.t.  𝑄𝑖 = 𝜑i 𝛿𝑖 𝐿𝑖

𝑠𝑖−1

𝑠𝑖 + (1 − 𝛿𝑖) 𝐾𝑖

𝑠𝑖−1

𝑠𝑖

𝑠𝑖
𝑠𝑖−1

Primary factor demand functions:

𝐾𝑖 =
1

𝜑i
𝑄𝑖 𝛿𝑖

1 − 𝛿𝑖 𝑃𝐿
𝛿𝑖𝑃𝐾

1−𝑠𝑖

+ (1 − 𝛿𝑖)

𝑠𝑖
1−𝑠𝑖

𝐿𝑖 =
1

𝜑i
𝑄𝑖 𝛿𝑖 + (1 − 𝛿𝑖)

𝛿𝑖𝑃𝐾
(1 − 𝛿𝑖)𝑃𝐿

1−𝑠𝑖
𝑠𝑖

1−𝑠𝑖
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